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ABSTRACT. With competing risks data, one often needs to assess the treat-
ment and covariate e ects on the cumulative incidence function. Fine and Gray
proposed a proportional hazards regression model for the subdistribution of a
competing risk with the assumption that the censoring distribution and the co-
variates are independent. Covariate-dependent censoring sometimes occurs in
medical studies. In this paper, we study the proportional hazards regression
model for the subdistribution of a competing risk with proper adjustments for
covariate-dependent censoring. We consider using a covariate-adjusted weight
function by tting the Cox model for the censoring distribution and using the
predictive probability for each individual. Our simulation study shows that the
covariate-adjusted weight estimator is basically unbiased when the censoring
time depends on the covariates, and the covariate-adjusted weight approach
works well for the variance estimator as well. We illustrate our methods with
bone marrow transplant data from the Center for International Blood and Mar-
row Transplant Research (CIBMTR). Here cancer relapse and death in complete
remission are two competing risks.

key words: competing risks; cumulative incidence function; proportional hazards model; sub-
distribution; inverse probability of censoring weight



1 Introduction



P(C >t), where C is the censoring time. Fine and Gray’s approach is based on the fact
that E[r(t)=G.f (F~ C) ~ tgjData] = 1 provided that censoring time is independent of the
covariates, and FG proposed using the Kaplan-Meier estimator to estimate the unknown
censoring distribution G¢. However, in biomedical research studies, the censoring time may
depend on some of the covariates and the treatment group. In a clinical trial, patients may
be more likely to drop out with some speci ¢ value of covariate characteristics, and one
treatment group may have a higher dropout rate than the others (Mai, 2008). DiRienzo &
Lagakos (2001a,b) showed when the distribution of censoring depends on both treatment
group and the covariates, in general the null asymptotic distribution of the score test is
not centered at zero when the model is misspeci ed, the tests of treatment group e ect can
be severely biased. Heinze et al. (2003) showed that if the censoring distributions are not
similar in the two comparison groups, the log-rank test and tting a regression model, such
as tting a proportional hazards model, may not be valid. For the competing risks data,
one can show that E[r(t)=Gcf (f~ C) ~ tjDatagjData] = 1, where G¢f (P~ C) » tjDatag
is the conditional censoring distribution given by Data. Thus, parameter estimates using
the inverse probability of censoring weighting approach with the Kaplan-Meier estimator
may be biased when the censoring distribution depends on some of the covariates. To
adjust the IPCW when censoring distribution depends on some of the covariates, Fine &
Gray (1999) suggested using a strati ed Kaplan-Meier estimator for the discrete covariates
and assuming the Cox model for the continuous covariates. In this study, we considered a
regression model for the censoring distribution, such as a Cox proportional hazards model,



competing risks data structure. We introduce a regression-adjusted inverse weighted estima-
tion for the proportional subdistribution hazards model and present the asymptotic results
that can be used for inference. Simulation studies are provided in Section 3. In Section 4
we analyze two real data sets, which were originally studied by Kumar et al. (2012) and
by Ringden et al. (2012) using data from the Center for International Blood and Marrow
Transplant Research (CIBMTR). Concluding remarks are provided in Section 5.

2 Data and covariate adjusted censoring weight

Let ® and C; be the event time and right censoring time for ith individual, respectively.

i 2 f1;:::;Kg indicates the cause of failure. For simplicity, we assume K = 2 in this
study. Let T; =min(®;C)and ;=1 (% C;). We observe n independent and identically
distributed (i:i:d:) data fT;; §; i;Zigfori = 1;:::;n, where Z; = (Zil;:::;Ziq)T are

associated covariates. We assume that (§; ;) are independent of C; given covariates of
Z ;. We are interested in modeling the cumulative incidence function of cause 1, F.(t;Z).
Based on Gray (1988b) subdistribution hazard technique, Fine & Gray (1999) proposed a
proportional subdistribution hazards model

dlogf1 Fi(t;Z)g _

1(tZ2) = dt = () exp gZ : (2.1)

There is a direct relationship between the CIF and subdistribution hazard function:
Z t
Z
Fi(t;Z)=1 exp o(Wdu e o
0

Let N1(t) = I (P t; i = 1) be the underlying counting process associated with cause
1. For right censored competing risks data, N}(t) and Y;}(t) =1 N(t ) are not fully
observed. For a censored individual, it is only observed up to the censoring time C;. De ne
i) =11fC (%~ t)g. Then, ri(t)N(t) and r;(t)Y;1(t) are computable for all time t. Let



Ge(t;Z2) = P(C tjZ) be the conditional censoring distribution. Based on

AOLNEOI. ri (N (t) ,
= Ge(Ti M t5Z4) " F Ge(Ti M t524) zi
_ 1o Efri(0)jZig
= E N7(1)izZi m
= Fu(t;Z14)

FG proposed using an inverse probability of the censoring weighting (IPCW) approach to t
the model (2.1) and proposed an IPCW weight functiom/™ (t) = r;(t)&M (t)=GXM (T, A 1),
where 8XM(t) is the Kaplan-Meier estimator for the unknown censoring distribution. FG
proposed estimating the unknown regression coe cient by solving the score equation

x Z

Ukm( )= Zi
0

P
j WJ-K'V| (u11.9552 Tf 14.09 2. Z(



Ge(t; X)) =P(C>1jX) by

n (6]
BSOX(t;X ) =exp  Peo(t)exp bTX (2.2)

where b is a maximum partial likelihood estimate for , and bco(t) is a st&ndard Nelson-
Aalen type estimator for the cumulative baseline censoring hazard co(t) = g co(uW)du. In
this study, we considered a covariates-adjusted IPCW weight function

wEOX(t) = ri () BEX(t; X 1)=BSOX(T, A t; X )
We estimated  in model (2.1) by solving the score equation

z ( P )
U _ X . 3 WjCOX(U)le(U)Zj expf TZJ- g
cox( )= i Ao - -
0 j Wj (U)Yj (U) epr ZJ g

w2 (u)dN{ (u) = 0;
i
and denoted the estimate as bCOX. Then we estimated ,,(t) by

Z WO ()N )

| d T e
i 0w u)Yt(u)exp bconj

bE*(t) =

Under regularity conditions, it can be shown that P n bcox o converges in distribution
to a mean zero Gaussian distribution with an asymptotic variance that can be estimated by

bcox —



BOMZ)=1 op DM bz orBEZ)=1 e DD exp PooxZ i 5
respectively. Fine & Gray (1999) derived the large sample property for P n IblK"’I t;Z2) Fu(t;2)
when the censoring distribution is independent of the covariates. When the censoring distri-
bution dependg on the covaraites throgygh a Cox model, by functional Delta method, we can
show that P n Iblcox(t; Z) Fq(t;Z) converges in distribution to a Gaussian process with
asymptotic variances, which can be estimated by

n 0,X N 0,
n 1 Fblcox(t;Z) S (4 I
i
where ;
T cox
Wpcﬁx(t; Z)=exp bcoxZ b(lzc?x(t) W zZ+ Wc;(i)x(t)

Resampling techniques can be used to construct con dence bands for ,(t) and Fy(t;Z)
(Lin et al., 1994; Scheike et al., 2008).

3 Simulations

We compared the nite-sample performance of the estimator using the covariate-adjusted
censoring weight to the unadjusted estimator using the Kaplan-Meier estimator for the cen-
soring distribution. Two simulation studies were considered to examine the potential bias
reduction with the covariate-adjusted censoring weight estimator. For the rst study, we
had one binary covariate. For the second study, we considered one binary covariate and one
continuous covariate. In both studies, we compared the performances of estimators using
two weights, wXM (t) and wCO*(t), respectively.

3.1 Study 1

The regression model below has one binary covariate Z. Given Z, the cumulative incidence
functions are given by

Fi(t:Z) =1 1 p1 et exp9552 Tf 4.5syh7



where p = F1(1j) Z = 0). We let p = 0:66 and Z be a Bernoulli random variable, with a
value 1 for half of the sample and 0 for the other half. We set = 1 and considered the
following three simulation scenarios.

Scenario 1

Censoring times are independent of Z:
Generate censoring times from an exponential distribution exp( ¢)
Set ¢ = 0:556 for 30% censoring, ¢ = 1:342 for 50% censoring

Scenario 2

Censoring times depend on Z by a Cox model:
Generate censoring times from a Cox model, ¢(tjZ2) = cexp( cZ)
Set ¢c=25and ¢ =0:137 for 30% censoring
Set ¢ =25and ¢ =0:391 for 50% censoring

Scenario 3

Censoring times depend on Z, not by a Cox model:
C s U(0:25;4:00), if Z



satisfactory results in estimating the covariate e ect and cumulative baseline subdistribution
hazard function. Both estimators also have almost identical sample standard deviation and
similar MSE, which indicate that the potential e ciency losses are minimum when using
covariate-adjusted censoring weight.

3.2 Study 2

The regression models below have one binary covariate Z,; and one continuous covariate Z,.
Given Z; and Z,, the cumulative incidence functions are given by

Fi(t;Z4;Z5) =1 1 pl e t  exp( 1Z1+ 2Z2)

and
Fa(t;Z1;Z) = (1 p)o® ot 222 1 g tewlafar 222)

We let p = 0:66, and Z; is a Bernoulli random variable, with a value 1 for half of the sample
and 0 for the other half. Z, is a N(0;1) random variable. We set ; =1; , = 0:5 and
considered the following four scenarios.

Scenario 1 | Censoring times are independent of Z; and Z,
Generate censoring times from an exponential distribution exp( ¢)
Set ¢ = 0:547 for 30% censoring, ¢ = 1:352 for 50% censoring

Scenario 2 | Censoring times depend on Z; by a Cox model
Generate censoring times from c(tjZ) = cexp( ci1Z1)
Set ¢ =2:5. Set ¢ = 0:137 for 30% censoring,

c = 0:397 for 50% censoring

Scenario 3 | Censoring times depend on Z; and Z, by a Cox model
Generate censoring times from c(tjZ) = cexp( c1Z:1+ c2Z>5)
Set c1 =25, =25 Set ¢ =0:082 for 30% censoring,

c = 0:389 for 50% censoring

Scenario 4 | Censoring times depend on Z;, not by a Cox model
C s U(0:25;4:00), if Z, =0, C s U(0:07;1:14), if Z, = 1 for 30% censoring
C s U(0:25;2:00), if Z; =0, C s U(0:06;0:438), if Z; =1 for 50% censoring




For each setting, we simulated 10,000 replicates with n = 100 and 300. The regression
coe cients ;and »



versus 0 for HLA-identical sibling (N=584)), and prior autologous transplant (PREAUTQ 1
for Auto+Allo transplant (N=399) versus 0 for allogeneic transplant alone (N=465)).

First, we ta Cox model for the censoring distribution where relapsed or dead individuals
are considered as censoring subjects. The hazard ratios (HR) are: HR(GP)=6.42 (P <
0:0001); HR(DNR)=0.48 (p = 0:0018); HR(PREAUTO=1.73 (p = 0:0013). These results
indicate that the censoring distribution depends on the transplant time period, donor type
and prior autologous transplantation. Next, we t a proportional subdistribution hazards
model (2.1) with the Kaplan-Meier estimated unadjusted weight and the Cox model adjusted
weight, and we computed the predicted cumulative incidence probability for a patient who
received an HLA-identical sibling donor allogeneic transplantation in 1995-2000 or in 2001-
2005 (see results in Table 3-4 and Figure 3). Both weights give similar estimates for TRM.
However, for cancer relapse, the regression estimate of the main treatment e ect are " = 0:38
and " = 0:54 by unadjusted weight and Cox model adjusted weight, respectively. At three
years after transplant, the di erences in cumulative incidence of relapse between late and
early transplant (TX) patients are 0.09 (CIF=0.34 for the late TX versus CIF=0.25 for
the early TX) and 0.13 (CIF=0.35 for the late TX versus CIF=0.22 for the early TX) by
unadjusted weight and Cox model adjusted weight, respectively. The unadjusted weight
underestimates the e ect size of CIF of relapse by 4% compared to the point estimate using
the Cox model adjusted weight (Table 4). Underestimated e ect size counts about 14%
(0.04/((0.22+0.35)/2)) of estimated average CIF, which leads to quite a large relative bias.

4.2 Example 2

We considered another CIBMTR study data set (Ringden et al., 2012) that consists of 177
myeloma patients who received a reduced-intensity conditioning allogeneic transplantation.
Cancer relapse and TRM were two competing risks in this study. 105 patients received
prior autologous transplant, and 72 patients received allogeneic transplant alone. We were
interested in transplant type e ect on relapse and TRM. Let PREAUTObe the indicator of
transplant type (1 for Auto+Allo transplant versus 0 for Allogeneic transplant alone). Here
the



reduces a relative bias of 17% ((0:41  0:34)=0:41).

5 Concluding remarks

We have shown that the estimator using the Kaplen-Meier estimated unadjusted inverse
probability of censoring weight is not asymptotically unbiased when the censoring distribu-
tion depends on the covariates and the biases could be signi cant for xed sample sizes.
We considered a regression model for the censoring distribution, and we considered using
the Cox proportional hazards model and predicted censoring weight for each individual. We
have illustrated that the Cox model adjusted weight works well when censoring distribution
depends on the covariates, and potential e ciency losses are minimal for both independent
and dependent censoring cases. With the transplant data, we determined that the covariate-
adjusted weight can be adopted to reduce bias. We are working on an R package, which will
be available to the public.

In this study, we only considered using the most common Cox proportional hazards
model for the censoring distribution. The Cox model requires a proportional e ect (constant
e ect) for each covariate. However, the proportionality assumption may not be true for
some of the covariates. When the Cox model does not t the data well, one may consider
alternative regression models for the censoring distribution. An alternative model-based
weight function needs be considered, an e cient variance estimator needs to be derived,
potential bias reduction needs to be studied, and a computing package needs to be further
developed as well.

Recently, the inverse probability of censoring weighting (IPCW) technique (Robins &
Rotnitzky, 1992) has been used extensively for right-censored survival data and, speci cally,
for completing risks data. It has been shown that regression modeling of the censoring
distribution can be used to improve the e ciency of the IPCW technique (Bickel et al.,
1993; Van der Laan & Robins, 2003; Scheike et al., 2008) even if the censoring distribution
is independent of the covariates. In this study, we showed that the covariate-adjusted IPCW
technique can be used to reduce bias for modeling the subdistribution hazard function when
censoring depends on the covariates. In general, the covariate-adjusted IPCW technique
should be considered to improve e ciency and reduce bias.
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6 Appendix

Here we give a brief derivation for the variance estimation for Pa b.ox o and
pﬁ beoxt) ?(t) , and give explicit expressions for bicox; bicox and WEP%(t). Let
t

M) = N2() Yi(u)exp §Zi d ;4(u)du, which is a zero mean martingale for com-
0

plete data. Assuming the censoring distribution depends on covariates X through a Cox

proportional hazards model where X could be a subset covariates of Z ,

c(t;X) = co(t)expf (X g

By Taylor’s approximation,

P _p_n o 0o |
N ~cox o = N lcox "cox fUcox( 0)9+ 0p(1); (6.1)
where
X Z
Ucox( o) » fZi  Ecox( o u)aw *(u)dM; (u)
S0
Z |
X G X
= | OfZi E cox( 0;u)gri(u)GC(_(|:_i(l/J\ u;>zli)dMi1(u) (6.2)
X £ 8oxuiX, Ge(u; X )
o @COE(T,(LA”U.Q,) Sy 121 Eco a0In@AMAW) (63
i C i AN ! oM
lcox( )= @Ucox( )o=@ (6.4)
and

X
SO U = wEWYWZ, Fexpf TZig; for k =0;1;2
i
S(C%x( ).

Ecox( ;u) = :
Seox( 1u)

It has been shown that for given covariates X ; (Andersen & Gill, 1982),

13
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BX(t;X ) Go(t:Xi)  Gelt;X) e beo(t) el $X 1) co(t)

@Cox X X WC (t: X
p Cc (t’ I) COX;j (t’ I)
]

where
Z

Wéox; X ) =Rt X )Tf1 c(b)g * i fX | Ec(b;u)gd® cox; (Us]



P
Now, it follows that Equation (6.2) can be approximated by . bicox, where

n 0
= Zi Ecox bcox? u  we(u)dw éox;i (u)
0

.
d¥ doxi (1) = AN () Yi'(t) exp Poox  Zi db%)x(t)

Cox
b
|

and for Equation (6.3), it follows that

Z
X X N o]
(6:3) fZi Ecox( o) WeXMdMMOI(Ti<t)  Wiox; (TiX i) Wy (X 1)
i O j
X X £ n 07N 0
p Zj E cox(Peoxi t) Woxi (T3 X 1) Woxi(t: X j)
i j .
i
I(T; < t)WjCOX(t)dM éOX;j (1)
X biCOX

i
Thus,

P— p _n b 0
n COX 0 p n | COX COX U COX( 0)
_n b 0 11X bcox b COX
p N lcox “cox it
i

COX , . . . . .
where bi is the major term in the variance estimation. Next,
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0
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P WEOX(u)dNA(w)

P WK u)dN(u)
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(0) ) (0) .
Scox “cox: U Scox (o3 1)
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Table 3: Fit a proportional subdistribution hazards model.

Unadjusted weight Cox model adjusted weight
Variable ™ exp( ) (95% Cl); P ™ exp( ) (95% CI); P
RELAPSE
GP 0.38; 1.47(1.16-1.86); 0.0017 0.54; 1.71(1.34-2.20); < 0:0001
DNR 0.39; 1.48(1.18-1.86); 0.0007 0.35; 1.42(1.13-1.78); 0:0027
PREAUTO| 0.41; 1.51(1.19-1.91); 0.0007 0.42; 1.53(1.21-1.93); 0:0004
TRM
GP 0:59; 0.55(0.42-0.73); < 0:0001 | 0:56; 0.57(0.43-0.75); < 0:0001
DNR 0.57; 1.76(1.38-2.25); < 0:0001 | 0.55; 1.73(1.35-2.20); < 0:0001
PREAUTO 0:38; 0.68(0.51-0.91); 0.0099 0:37; 0.69(0.52-0.92); 0:0117

Table 4: Predicted CIF of relapse and TRM for a patient who received an HLA-identical
sibling donor and allogeneic along transplantation

Unadjusted Weight Cox model adjusted Weight
1995-2000 2001-2005 1995-2000 2001-2005
Time F, (95% CI) F, 95% Cl) | jF1 Foj | Fi (95% CI) F, (95% Cl) | jF1 By
RELAPSE
1 Year | 0.16 (0.13-0.19)[ 0.23 (0.18-0.27)] 0.07 | 0.15 (0.13-0.17)] 0.24 (0.18-0.30)] 0.09
3 Year | 0.25 (0.20-0.29)| 0.34 (0.28-0.40)| 0.09 | 0.22 (0.20-0.25)| 0.35 (0.28-0.42)| 0.13
5 Year | 0.29 (0.24-0.34)| 0.40 (0.33-0.46)| 0.11 | 0.26 (0.24-0.30)| 0.41 (0.33-0.49)| 0.15
TRM
1 Year | 0.38 (0.32-0.43)] 0.23 (0.18-0.28)] 0.15 | 0.37 (0.34-0.41)[ 0.23 (0.17-0.29)] 0.14
3 Year | 0.42 (0.37-0.48)| 0.26 (0.20-0.32)| 0.16 | 0.42 (0.38-0.46)| 0.27 (0.20-0.33)|  0.15
5 Year | 0.44 (0.38-0.49)| 0.27 (0.21-0.33)| 0.17 | 0.43 (0.39-0.47)| 0.27 (0.21-0.34)|  0.16
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Figure 1: Simulation results (1 covariate) for biases of cumulative baseline subdistribution
hazards at t = (0:25;0:5;0:75;1)".
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Figure 2: Simulation results (2 covariates) for biases of cumulative baseline subdistribution
hazards at t = (0:25;0:5;0:75; 1:00)".
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