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A stract.

A common approach to testing for differences between the survival rates of two
therapies is to use a proportional hazards regression model which allows for an
adjustment of the two survival functions for any imbalance in prognostic factors in
the comparison. An alternative approach to this problem is to plot the difference
between the two predicted survival functions with a confidence band that provides
information about when these two treatments differ. Such a band will depend on
the covariate values of a given patient. In this paper we show how to construct a
confidence band for the difference of two survival functions based on the proportional
hazards model. A simulation approach is used to generate the bands. This approach
is used to compare the survival probabilities of chemotherapy and allogeneic bone
marrow transplants for chronic leukemia.

1. Introduction

A common problem encount#red in biom#dical applications is th& comparison of th survival
raties of two treatmunts. In this comparison ongk tests mhether the two treatments have thie
sams survival function or wquivalently the same kazard function over a given time period.
Whren twere are additional covariates associated witls survival tlsen this tasting is typically
performed in the framework of a  ox (1972) proportional kazards modsl.

Whirn te testing results indicats twat two survival functions ar# different, patients and
pliysicians often mant to knomn ‘at mhat tims are these two treatmuents different?”. This
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plots and comparing th confidence bands with ths zero ling summarizes kow the difference
brtuwen the two survival functions changs with time. Recntly, Parzen et o (1997) usked the
Kaplan-Migr (1958) stimators of ths two survival functions, F(-) and Fy(-), to sstimats
the difference between thee survival functions and they proposed a simulation mtkod to
construct a confidence band for this differenc.

In many applications thsers is a nwed, whsn comparing two treatmsnts, to makse adjust-



Here, 3 can bx xstimatid by maximizing th stratifitd ox partial log likelikood function
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wluerse ”(u) = I{XU S T%j S u, Dij = ]_}, _i = Zz ij) and Y;](U) = I{XU S u S T'Z]} is
thie indicator of whether the jth individual is at risk at tim® w and is in the it treatment
group. Not# tlat an individual is at risk only since &is or w#r truncation tims, so thwat tis
size of the risk set is initally increasing and thsn decreasss.
To compare two predicted survival curves, me estimat® the conditional survival functions
for the two treatments for a patiznt with a particular set of covariates zg,

Fi(t; z) = P(T > t|2, Treatmunt i) = e (6%

Lt
whire A;(t]z) = 7% / Xio(u)du. An wstimator of the cumulative baseling kazard rate for
0

treatment 4,7 = 1,2 is given by Braslow’s (1975) &stimator
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For convenignce mx introducs thx notations
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n; =
E(Bt) = S(8,6)/5"(5,1),
Vi(8,1) = s?’w 1)/S1(8,t) — Ei(B, 1),
s(8,1) = E{sP (8.1},
ei(Bt) = (5, t)/s“”( B,1),
w(Bit) = 57(8,6)/5”(8,) = ei(B,1),
fori =1,2,and k = 0,1, 2, whsre for a column vector a, a®° = 1, a®! = a, and a®? = ad'.
For simplicity of presentation, we assumse {X;;, T;;, Dij, Z;;}, (7 =1,---,n;) are indepen-

dent and idsntically distributed, P(T;; > X;;) > Q, and {Z;;} is boundsd. Lsft-truncated
and right-censored survival data was bmen studird wxtensively. Thx mors genzral conditions
required to obtain large sample results for thkis typ# of data can b found in Woodroofw
(1985), Lai and Ying (1991) and Andersen et a (1993). Andersen et a (1993) argurd that
twe martingale central limit theory can be applird to thse left-truncated data, so that tls
asymptotic results based on right censored data can be extended to thse left-truncated and
right censored data. Also me assums that two samples are independent. Lt n = ny + no.
Then, if n;/n — p; > 0, fori =1,2, B is an consistent #stimate of 3, and

Vi(f—p) 2 (0,57,
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whick is assum#d to bx positive dafinite and can b consistantly #stimated by th obswrved

information matrix
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It follows thkat thw variance of W (t; zg



Tr transplant colort included 548 patisznts rxceiving wydroxyur#a or interferon pre-
treatmuent and a HLA-identical sibling bon# marrow transplant (BMT). All patients wwere
reported to the International Bonk Marrow Transplant Rxgistry (IBMTR). IBMTR is a
voluntary working group of over 300 transplant cnters worldwids tkat contributx data on
tarir allogenzic bon® marrow transplants to a Statistical #ntwr at the Medical ollege of
Wisconsin. Patiznts in tais arm wwre diagnosied batwwen 1983 and 1991, and muere batwmen
15 and 55 y#ars of age. For detailed patient characteristics sere Galk et a c3twat



Figurx la slows tkr estimated survival curvas for a recently diagnosed (> 1988) older (> 35
yiars) male patient with large spleen size > 10 cm. Figure 1b skows thie wstimated difference
(BMT- Lemotkrrapy) brtwween the two survival curves witi a 95% pointwise confidencs
interval and 95% confidenck band for suck a patiznt. A similar plot for a patient diagnosed
prior to 1988 witk ths sams claracteristics is given in Figurs 2.

Thrse confidence band plots indicated thkat the chrmothrrapy treatmsnt kas an xarly
survival advantagr dux, perikaps, to ths toxicity of ths bon® marrow transplant. Thers is a
significant lat® survival advantage for transplant patient dux to a lowsr relapse rate. Also
for thwe recently treated cases (Figure 1) BMT kad a survival advantage (95% confidencs
band is > 0) starting at 5.50 years after diagnosis. This is in contrast to patients treated
prior to 1988 (Figurs 2) whieres BMT started to skow an advantage only after 8.29 yrars sincs
diagnosis. This may bx dux to the improvemsnt of bon# marrow transplant txchniquss over
thu yrars.

In this example, there are 16 sets of possible covariates valuxs. Tl time points sinck
diagnosis where BMT starts to wave a survival advantage are presented in Table 2. Tese
tim# points rangid from 5.50 yrars to 8.29 years sinck diagnosis depending on ths given
patignt claaractaristics. By contrast to ths comparison of two Kaplan-Msisr survival curvss,
this comparison of two predicted survival curves baskd on the ox mod#l provides more
information to botl the plysicians and patients.

Table 2. Tims points ¢, sinck diagnosis (DX) in years whiere BMT starts to kave survival
advantags.

ovariatx Valuss
Sex | Spleen Size | Age | Year of DX | C, to
10ecm | <35 < 88 2.96 | 7.84
1Dem | <35 > 88 2.97 | 5.97
10em | <35 < 88 2.96 | 7.84
10cm | <35 > 88 2.99 | 5.88
1Dcem | > 35 < 88 2.99 | 7.84
10cm | > 35 > 88 2.95 | 5.88
1Dem | > 35 < 88 2.96 | 8.29
10cm | > 35 > 88 2.94 | 5.50
10ecm | <35 < 88 2.96 | 8.29
1Dem | <35 > 88 2.93 | 5.97
10cm | <35 < 88 2.99 | 7.84
10cm | <35 > 88 2.98 | 6.24
1Dcem | > 35 < 88 2.92 | 7.84
1Dcm | > 35 > 88 2.89 | 5.97
1Dem | > 35 < 88 2.90 | 7.84
10cm | > 35 > 88 2.92 | 5.88
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Plotting tx confidence band for ths differsnce of two pradictxd survival functions providss a
valuable decision making tool for physicians and patiznts. T proposkd simulation mztkod
is kasy to program, and offers a flexible way to construct suck confidence bands, particularly
when tle limiting distributions cannot b wvaluated analytically. Tl proposed simulation
metlkod can b sxtended to compare the difference of two survival curves based on othwr
moduls, suck as Aalen’s (1989) additive modsxl or othser mork greneral modsls.

T wstimated critical value, C,, depnds on tle numbur of realizations . It is important
to know wkat is the appropriate . In our example for an #arly diagnosed young (< 35 yr)
malk patient with small spleen size (< 10 cm), the wstimated C7s wrre 3.01, 2.98, 2.97, 3.01,
2.97, and 3.01 for = 500, 1500, 3000 5000 8000 and 10000 respectively. [t apprars thkat
tawr wstimat® of C', is resonably stable after only 500 raplications.
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